
  

Complexity Theory
Part Two



  

Recap from Last Time



  

The Complexity Class P

● The complexity class P (polynomial 
time) is defied as

     P = { L | There is a polyiomial-time 
                   decider for L }

● Iituitively, P coitaiis all decisioi 
problems that cai be solved eficieitly.

● This is like class R, except with 
“eficieitly” tacked oito the eid.



  

The Complexity Class NP

● The complexity class NP (nondeterministic 
polynomial time) coitaiis all problems that 
cai be verifed ii polyiomial time.

● Formally:

      NP = { L | There is a polyiomial-time 
                        verifer for L }

● Iituitively, NP is the set of problems where 
“yes” aiswers cai be checked eficieitly.

● This is like the class RE, but with “eficieitly” 
tacked oi to the defiitioi.



  

The Biggest Uisolved Problem ii
Theoretical Computer Scieice:

P  ≟ NP



  

Theorem (Baker-Gill-Solovay): Aiy 
proof that purely relies oi uiiversality aid 
self-refereice caiiot resolve P  ≟ NP.

Proof: Take CS154!



  

So how are we goiig to
reasoi about P aid NP?



New Stuf!



A Challeige



  

      NP        PREG

Problems ii NP vary widely ii their 
dificulty, evei if P = NP.

 

How cai we raik the relative dificulties 
of problems?



  

Reducibility



  

Maximum Matchiig

● Givei ai uidirected graph G, a matching ii G is a 
set of edges such that io two edges share ai 
eidpoiit.

● A maximum matching is a matchiig with the 
largest iumber of edges.



  

Maximum Matchiig

● Givei ai uidirected graph G, a matching ii G is a 
set of edges such that io two edges share ai 
eidpoiit.

● A maximum matching is a matchiig with the 
largest iumber of edges.



  

Maximum Matchiig

● Givei ai uidirected graph G, a matching ii G is a 
set of edges such that io two edges share ai 
eidpoiit.

● A maximum matching is a matchiig with the 
largest iumber of edges.

A matching, but 
not a maximum 

matching.

A matching, but 
not a maximum 

matching.



  

Maximum Matchiig

● Givei ai uidirected graph G, a matching ii G is a 
set of edges such that io two edges share ai 
eidpoiit.

● A maximum matching is a matchiig with the 
largest iumber of edges.

A maximum 
matching.

A maximum 
matching.



  

Maximum Matchiig

● Givei ai uidirected graph G, a matching ii G is a 
set of edges such that io two edges share ai 
eidpoiit.

● A maximum matching is a matchiig with the 
largest iumber of edges.



  

Maximum Matchiig

● Givei ai uidirected graph G, a matching ii G is a 
set of edges such that io two edges share ai 
eidpoiit.

● A maximum matching is a matchiig with the 
largest iumber of edges.



  

Maximum Matchiig

● Jack Edmoids' paper “Paths, Trees, aid 
Flowers” gives a polyiomial-time 
algorithm for fidiig maximum 
matchiigs.
● He’s the guy from last time with the quote 

about “better thai decidable.”
● Usiig this fact, what other problems cai 

we solve?



  

Domiio Tiliig
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Domiio Tiliig



  

Domiio Tiliig



  

Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

Solviig Domiio Tiliig



  

bool canPlaceDominoes(Grid G, int k) {

 return hasMatching(gridToGraph(G), k);

}

Which of the followiig is the most reasoiable coiclusioi to draw,
givei the existeice of the above fuictioi?

A. Solviig domiio tiliig cai’t be “harder”
thai solviig maximum matchiig.

B. Solviig maximum matchiig cai’t be “harder”
thai solviig domiio tiliig.

C. Both A aid B.

Aiswer at
https://pollev.com/cs103

Which of the followiig is the most reasoiable coiclusioi to draw,
givei the existeice of the above fuictioi?

A. Solviig domiio tiliig cai’t be “harder”
thai solviig maximum matchiig.

B. Solviig maximum matchiig cai’t be “harder”
thai solviig domiio tiliig.

C. Both A aid B.

Aiswer at
https://pollev.com/cs103

https://pollev.com/cs103
https://pollev.com/cs103


  

Intuition:

Tiliig a grid with domiioes cai't be 
“harder” thai solviig maximum matchiig, 

because if we cai solve maximum 
matchiig eficieitly, we cai solve domiio 

tiliig eficieitly.



  

Aiother Example



  

Reachability

● Coisider the followiig problem:

Given an directed graph G and nodes s 
and t in G, is there a path from s to t? 

● This problem cai be solved ii polyiomial
time (use DFS or BFS).



  

Coiverter Coiuidrums

● Suppose that you wait to plug your laptop iito a 
projector.

● Your laptop oily has a VGA output, but the 
projector ieeds HDMI iiput.

● You have a box of coiiectors that coivert various 
types of iiput iito various types of output (for 
example, VGA to DVI, DVI to DisplayPort, etc.)

● Question: Cai you plug your laptop iito the 
projector?



  

Coiverter Coiuidrums

Connectors
RGB to USB

VGA to 
DisplayPort

DB13W3 to CATV
DisplayPort to 

RGB
DB13W3 to HDMI
DVI to DB13W3
S-Video to DVI
FireWire to SDI

VGA to RGB
DVI to DisplayPort

USB to S-Video
SDI to HDMI

Connectors
RGB to USB

VGA to 
DisplayPort

DB13W3 to CATV
DisplayPort to 

RGB
DB13W3 to HDMI
DVI to DB13W3
S-Video to DVI
FireWire to SDI

VGA to RGB
DVI to DisplayPort

USB to S-Video
SDI to HDMI



  

Coiverter Coiuidrums

Connectors
RGB to USB

VGA to 
DisplayPort

DB13W3 to CATV
DisplayPort to 

RGB
DB13W3 to HDMI
DVI to DB13W3
S-Video to DVI
FireWire to SDI

VGA to RGB
DVI to DisplayPort

USB to S-Video
SDI to HDMI

Connectors
RGB to USB

VGA to 
DisplayPort

DB13W3 to CATV
DisplayPort to 

RGB
DB13W3 to HDMI
DVI to DB13W3
S-Video to DVI
FireWire to SDI

VGA to RGB
DVI to DisplayPort

USB to S-Video
SDI to HDMI

VGA RGB USB

DisplayPort DB13W3 CATV

X DVIHDMI S-Video

FireWire SDI



  

Coiverter Coiuidrums

VGA RGB USB

DisplayPort DB13W3 CATV

X DVIHDMI S-Video

FireWire SDI



  

Coiverter Coiuidrums

VGA RGB USB

DisplayPort DB13W3 CATV

X DVIHDMI S-Video

FireWire SDI



  

Coiverter Coiuidrums

VGA RGB USB

DisplayPort DB13W3 CATV

X DVIHDMI S-Video

FireWire SDI



  

Ii Pseudocode

bool canPlugIn(vector<Plug> plugs) {

  return isReachable(plugsToGraph(plugs),
                     VGA, HDMI);

}



  

Intuition:

Fiidiig a way to plug a computer iito a 
projector cai't be “harder” thai 

determiiiig reachability ii a graph, siice 
if we cai determiie reachability ii a graph, 
we cai fid a way to plug a computer iito a 

projector.



  

Intuition:

Problem A cai't be “harder” thai problem 
B, because solviig problem B lets us solve 

problem A.

bool solveProblemA(string input) {
    return solveProblemB(translate(input));
}



  

bool solveProblemA(string input) {
    return solveProblemB(translate(input));
}

● If A aid B are problems where it's 
possible to solve problem A usiig the 
strategy showi above*, we write

A ≤p B. 

● We say that A is polynomial-time 
reducible to B.

* Assumiig that translate
* ruis ii polyiomial time.



bool solveProblemA(string input) {
    return solveProblemB(translate(input));
}

● This is a powerful geieral problem-solviig
techiique. You’ll see it a lot ii CS161.



  

● If A ≤p B aid B ∈ P, thei A ∈ P.

If L1 ≤P L2 aid L2 ∈ NP, thei L1 ∈ NP.

P

Polyiomial-Time Reductiois
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Polyiomial-Time Reductiois

● If A ≤p B aid B ∈ P, thei A ∈ P.

● If A ≤p B aid B ∈ NP, thei A ∈ NP.

      NPP



  

Polyiomial-Time Reductiois

● If A ≤p B aid B ∈ P, thei A ∈ P.

● If A ≤p B aid B ∈ NP, thei A ∈ NP.

      NPP



  

Polyiomial-Time Reductiois

● If A ≤p B aid B ∈ P, thei A ∈ P.

● If A ≤p B aid B ∈ NP, thei A ∈ NP.

      NPP



This ≤ₚ relatioi lets us raik the relative 
dificulties of problems ii P aid NP.

What else cai we do with it?



Time-Out for Aiiouicemeits!



Please evaluate this course on Axess.

Your feedback makes a difereice.



  

Fiial Exam Logistics
● Our fial exam is oi Monday, March 18th from 7:00PM – 10:00PM. 

Locatiois are the same as the frst exam aid are divvied up by last 
(family) iame:
● A – P: Go to Hewlett 200.
● Q – Z: Go to Hewlett 201.

● The fial exam is cumulative aid covers topics from PS1 – PS9 aid 
L00 – L24. Coverage will focus oi material from the secoid half of the 
course which you havei’t beei tested oi yet.
● Noteworthy exceptiois: Material from week 10 lectures will iot be tested. 

Material fouid purely ii the optioial writtei portioi of PS9 also will iot be 
tested.

● Like the midterms, it’s closed-book, closed-computer, aid limited-iote. 
You cai briig oie double-sided 8.5” × 11” iotes sheet with you.

● Studeits with OAE accommodatiois: you should have heard from us 
regardiig your fial exam time aid locatioi. Please double check this 
aid reach out to us ASAP if aiythiig looks iicorrect.



  

Prepariig for the Exam

● Beisoi will be holdiig a fial exam review 
sessioi tomorrow, Thursday, March 14th at 
5:30PM - 6:30PM over Zoom (iote the 
updated time!).
● It will be recorded aid the video made available 

oi Caivas.
● We also have two practice fials aid a giait 

compeidium of practice problems oi the 
course website.

● As always, keep the TAs in the loop when 
studying! That’s what we’re here for.



  

Back to CS103!



  

NP-Hardiess aid NP-Completeiess



  

An Analogy: Ruiiiig Really Fast



  

For people A aid B, we say A ≤ᵣ B if
A’s top ruiiiig speed is at most B’s top speed.
(Intuitively: B can run at least as fast as A.)

 

We say that persoi P is CS103-fast if
∀A ∈ CS103. A ≤ᵣ P.

(How fast are you if you’re CS103-fast?)
 

We say that persoi P is CS103-complete if
P ∈ CS103 aid P is CS103-fast.

(How fast are you if you’re CS103-complete?)

CS103-fastCS103-complete

Usaii 
Bolt

Usaii 
Bolt

Paula
Radclife

Paula
Radclife

Fastest 
ruiier ii 

CS103

Fastest 
ruiier ii 

CS103
Tied for 

fastest ii 
CS103

Tied for 
fastest ii 

CS103

CS103



  

For laiguages A aid B, we say A ≤ₚ B if
A reduces to B ii polyiomial time.

(Intuitively: B is at least as hard as A.)
 

We say that a laiguage L is NP-hard if
∀A ∈ NP. A ≤ₚ L.

(How hard is a problem that’s NP-hard?)
 

We say that a laiguage L is NP-complete if
L ∈ NP aid L is NP-hard.

(How hard is a problem that’s NP-complete?)

NP NP-hardNP-complete

LD
LD

ATM
ATMHardest 

problem ii 
NP

Hardest 
problem ii 

NP
Tied for 

hardest ii 
NP

Tied for 
hardest ii 

NP

P



  

Intuition: The NP-complete problems are 
the hardest problems ii NP.

 

If we cai determiie how hard those 
problems are, it would tell us a lot about 

the P  ≟ NP questioi.



  

The Taitaliziig Truth

Theorem: If any NP-complete laiguage is ii P, thei P = NP.

Proof: Suppose that L is NP-complete aid L ∈ P. Now coisider
aiy arbitrary NP problem X. Siice L is NP-complete, we kiow
that X ≤p L. Siice L ∈ P aid X ≤p L, we see that X ∈ P. Siice
our choice of X was arbitrary, this meais that NP ⊆ P, so
P = NP. ■Intuition: This meais the hardest 

problems ii NP arei’t actually that 
hard. We cai solve them ii 

polyiomial time. So that meais we 
cai solve all problems ii NP ii 

polyiomial time.

Intuition: This meais the hardest 
problems ii NP arei’t actually that 

hard. We cai solve them ii 
polyiomial time. So that meais we 

cai solve all problems ii NP ii 
polyiomial time.



  

The Taitaliziig Truth

      NP
P
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aiy arbitrary NP problem X. Siice L is NP-complete, we kiow
that X ≤p L. Siice L ∈ P aid X ≤p L, we see that X ∈ P. Siice
our choice of X was arbitrary, this meais that NP ⊆ P, so
P = NP. ■
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Proof: Suppose that L is NP-complete aid L ∈ P. Now coisider
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that X ≤p L. Siice L ∈ P aid X ≤p L, we see that X ∈ P. Siice
our choice of X was arbitrary, this meais that NP ⊆ P, so
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The Taitaliziig Truth

     P = NP

Theorem: If any NP-complete laiguage is ii P, thei P = NP.

Proof: Suppose that L is NP-complete aid L ∈ P. Now coisider
aiy arbitrary NP problem A. Siice L is NP-complete, we kiow
that A ≤ₚ L. Siice L ∈ P aid A ≤ₚ L, we see that A ∈ P. Siice
our choice of A was arbitrary, this meais that NP ⊆ P, so
P = NP. ■



  

The Taitaliziig Truth

Theorem: If any NP-complete laiguage is iot ii P, thei P ≠ NP.

Proof: Suppose that L is ai NP-complete laiguage iot ii P. Siice
L is NP-complete, we kiow that L ∈ NP. Therefore, we kiow
that L ∈ NP aid L ∉ P, so P ≠ NP. ■

Intuition: This meais the hardest 
problems ii NP are so hard that 

they cai’t be solved ii polyiomial 
time. So the hardest problems ii NP 

arei’t ii P, meaiiig P ≠ NP.

Intuition: This meais the hardest 
problems ii NP are so hard that 

they cai’t be solved ii polyiomial 
time. So the hardest problems ii NP 

arei’t ii P, meaiiig P ≠ NP.



  

The Taitaliziig Truth

      NP

P 
NPC

Theorem: If any NP-complete laiguage is iot ii P, thei P ≠ NP.

Proof: Suppose that L is ai NP-complete laiguage iot ii P. Siice
L is NP-complete, we kiow that L ∈ NP. Therefore, we kiow
that L ∈ NP aid L ∉ P, so P ≠ NP. ■



  

How do we even know NP-complete
problems exist in the frst place?



  

Satisfability

● A propositioial logic formula φ is called 
satisfable if there is some assigimeit to its 
variables that makes it evaluate to true.

● Which of the followiig formulas are satisfable?

p ∧ q

p ∧ ¬p

p → (q ∧ ¬q)
● Ai assigimeit of true aid false to the variables 

of φ that makes it evaluate to true is called a 
satisfying assignment.



  

Satisfability

● A propositioial logic formula φ is called 
satisfable if there is some assigimeit to its 
variables that makes it evaluate to true.

● Which of the followiig formulas are satisfable?

p ∧ q

p ∧ ¬p

p → (q ∧ ¬q)
● Ai assigimeit of true aid false to the variables 

of φ that makes it evaluate to true is called a 
satisfying assignment.



  

SAT

● The boolean satisfability problem 
(SAT) is the followiig:

Given a propositional logic
formula φ, is φ satisfable?

● Formally:

SAT = { ⟨φ⟩ | φ is a satisfable PL       
formula }



  

Theorem (Cook-Levin): SAT is NP-complete.

Proof Idea: To see that SAT ∈ NP, show how to 
make a polyiomial-time verifer for it. Key idea: 
have the certifcate be a satisfyiig assigimeit.

To show that SAT is NP-hard, givei a 
polymomial-time verifer V for ai arbitrary NP 
laiguage L, for aiy striig w you cai coistruct a 
polyiomially-sized formula φ(w) that says “there 
is a certifcate c where V accepts ⟨w, c⟩.” This 
formula is satisfable if aid oily if w ∈ L, so 
decidiig whether the formula is satisfable 
decides whether w is ii L.

Proof: Take CS154!



  

Why All This Matters

● Resolviig P   ≟ NP is equivaleit to just 
fguriig out how hard SAT is.

SAT ∈ P    ↔    P = NP
● We've turied a huge, abstract, theoretical 

problem about solviig problems versus 
checkiig solutiois iito the coicrete task of 
seeiig how hard oie problem is.

● You cai get a seise for how little we kiow 
about algorithms aid computatioi givei 
that we cai't yet aiswer this questioi!



  

Why All This Matters

● You will almost certaiily eicouiter NP-hard 
problems ii practice – they're everywhere!

● If a problem is NP-hard, thei there is io kiowi 
algorithm for that problem that
● is eficieit oi all iiputs,
● always gives back the right aiswer, aid
● ruis determiiistically.

● Useful intuition: If you ieed to solve ai NP-hard 
problem, you will either ieed to settle for ai 
approximate aiswer, ai aiswer that's likely but iot 
iecessarily right, or have to work oi really small 
iiputs.



  

Sample NP-Hard Problems
● Computational biology: Givei a set of geiomes, what is the most 

probable evolutioiary tree that would give rise to those geiomes? 
(Maximum parsimony problem)

● Game theory: Givei ai arbitrary perfect-iiformatioi, fiite, two-player 
game, who wiis? (Generalized geography problem)

● Operations research: Givei a set of jobs aid workers who cai 
perform those tasks ii parallel, cai you complete all the jobs withii 
some time bouid? (Job scheduling problem)

● Machine learning: Givei a set of data, fid the simplest way of 
modeliig the statistical patteris ii that data (Bayesian network 
inference problem)

● Medicine: Givei a group of people who ieed kidieys aid a group of 
kidiey doiors, fid the maximum iumber of people who cai receive 
traisplaits. (Cycle cover problem)

● Systems: Givei a set of processes aid a iumber of processors, fid the 
optimal way to assigi those tasks so that they complete as sooi as 
possible (Processor scheduling problem)



  

Next Time

● Why All This Matters
● Where to Go from Here
● Ask Me Anything
● Parting Words!
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